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Abstract
A Galois correspondence is exhibited between right coideals subalgebras of a finite-dimensional
pointed Hopf algebra acting homogeneously and faithfully on a free associative algebra and free
subalgebras containing the invariants of this action.
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Introduction
A Galois correspondence for subalgebras of a free algebra has been constructed
by Kharchenko for group actions by automorphisms and for Lie algebra actions by
derivations. More precisely, Kharchenko proved in [5] that there exists a one-to-one
correspondence between the subgroups of a finite group of homogeneous automorphisms
of a free algebra and its free subalgebras containing the subalgebra of invariants of the
group action. An analogous correspondence for the case of a restricted finite-dimensional
Lie algebra of derivations of a free algebra over a field of positive characteristic was
presented in [6]. Both correspondences can be obtained from Galois correspondences
established for prime algebras on which groups of automorphisms or Lie algebras of
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408 V.O. Ferreira et al. / Journal of Algebra 276 (2004) 407–416derivations act in an X-outer fashion. (For automorphisms see [12], and for derivations
see [6]. We also refer to [7, Section 6.1] for proofs of these results.)
Group actions by automorphisms and Lie algebra actions by derivations are examples
of pointed Hopf algebra actions on associative algebras. In this note we show that
Kharchenko’s Galois correspondences for free algebras can be framed in the context of
Hopf algebra actions.
In Section 1 we show how a generalization of the correspondences for X-outer
actions on prime algebras, obtained by Masuoka, Westreich, and Yanai [8,13,14] in
zero characteristic, can be used in order to exhibit a Galois correspondence between
free subalgebras of a free algebra and right coideal subalgebras of a finite-dimensional
pointed Hopf algebra acting homogeneously and faithfully on it (Theorem 1.2). The
specialization to free algebras depends on two facts which are proved in the following
two sections. The first, dealt with in Section 2, is the fact that faithful, homogeneous
actions of finite-dimensional pointed Hopf algebras on free algebras are X-outer.
The second, proved in Section 3, is the fact that subalgebras of invariants of free
algebras acted homogeneously upon by Hopf algebras are always free. We end, in
Section 4, by giving a proof of Theorem 1.2 based on the results of the previous
sections.
1. A Galois correspondence
In this section we shall describe a Galois correspondence between free subalgebras of a
free algebra and right coideal subalgebras of a Hopf algebra acting on it. We shall use the
notation of [10] throughout.
Let us start by recalling that a subalgebra U of a prime algebra R is said to be rationally
complete if Ir ⊆ U , for a nonzero ideal I of U and an element r of R, implies r ∈ U .
(Such subalgebras are called ideal-cancellable in [12].)
If H is a finite-dimensional pointed Hopf algebra acting on a prime algebra R, this
action can be extended to an action of H on Q, the symmetric Martindale ring of quotients
of R (see [11]); so we can consider the smash product Q # H . For nonempty subsets V,W
of Q # H , let VW = {v ∈ V : vw = wv, for all w ∈ W }. The action of H on R is said to be
X-outer if (Q #H)R = K , the extended centroid of R. (This is the original definition given
by Milinski in [9].)
We shall make use of the following result.
Theorem 1.1 [8, Theorem 3.5]. Let k be a field and let H be a finite-dimensional pointed
Hopf algebra over k acting on a prime k-algebra R such that the action is X-outer. Let
Q denote the symmetric Martindale ring of quotients of R and let K denote the center of
Q. Let S be the set of all right H -comodule subalgebras Λ of K # H containing K , and
let F be the set of all rationally complete subalgebras U of R containing RH . Then the
map
Φ :F → S,
U → (K # H)U
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Ψ :S →F ,
Λ → RΛ.
It should be remarked that, for a right coideal Λ of H , RΛ coincides with the usual
subalgebra of invariants of R under the action of Λ, that is RΛ = {r ∈ R: h · r = ε(h)r , for
all h ∈ Λ} (see [15]).
We specialize to the case when R is free. It is well-known that a free algebra of rank
greater than 1 over a field is symmetrically closed, that is, its symmetric Martindale ring of
quotients coincides with it (see, e.g., [5, Lemma]). Therefore, if R = k〈X〉, with |X| > 1,
then Q = k〈X〉, K = k, and K # H is naturally isomorphic to H . Of course, in this case, S
is just the set of all right coideal subalgebras of H .
Recall that an algebra R is graded if there are subspaces Rn, n ∈ N, of R such that
R =⊕n∈N Rn, RiRj ⊆ Ri+j , and 1 ∈ R0. We say that an action of a Hopf algebra H on a
graded algebra R is homogeneous if H ·Rn ⊆ Rn for all n ∈ N.
A free algebra k〈X〉 can be graded by assigning arbitrary positive degrees to the
elements of X and then extending this definition in a natural way to all monomials of k〈X〉.
For a given positive integer n the homogeneous component of degree n is then defined to
be the linear span of all the monomials of degree n; degree 0 is assigned to the elements
of k. This induces a degree function on k〈X〉 defined on an element f ∈ k〈X〉 as being
the highest degree occurring among the monomials in the support of f . All gradings of
k〈X〉 considered in this paper will be of this kind. An action of a Hopf algebra H on a free
algebra k〈X〉 with a fixed grading is homogeneous, by the definition above, if and only if
either h · x = 0 or h · x is homogeneous of the same degree as x , for all h ∈ H and all
x ∈ X. When k〈X〉 is given the usual grading, where each x ∈ X has degree 1, the action
of H is homogeneous if and only if, for each h ∈ H and each x ∈ X, there exist αxy ∈ k,
finitely many of which nonzero, such that h · x =∑y∈X αxyy . Such actions are also called
linear.
An action of a Hopf algebra H on an algebra R is said to be faithful if R is faithful as
H -module. Our main aim in this note is to present a proof of the following result.
Theorem 1.2. Let k be a field, let X be a set with |X| > 1, and let R = k〈X〉 be the free
associative algebra on X over k. Let H be a finite-dimensional pointed Hopf algebra which
acts homogeneously and faithfully on R. Let S be the set of all right coideal subalgebras
Λ of H , and let F be the set of all free subalgebras of R containing the subalgebra of
invariants RH of R under H . Then the map
Φ :F → S,
U → HU = {h ∈ H : hf = f h in R # H, for all f ∈ U}
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Ψ :S →F ,
Λ → RΛ = {f ∈ R: h · f = ε(h)f, for all h ∈ Λ}.
We remark that for a subalgebra U of R, the set UH = {h ∈ H : h · f = ε(h)f ,
for all f ∈ U}, a candidate for the image of U under Φ in Theorem 1.2, although
always containing HU , does not necessarily coincide with it. We refer the reader to [14,
Example 0.4] for an example in which HU  UH . Of course, in the case of automorphisms
or derivations, these two sets do coincide.
A proof of Theorem 1.2 will be given in Section 4.
2. Outerness of homogeneous actions
In this section we show that a faithful and homogeneous action of a finite-dimensional
pointed Hopf algebra on a free algebra is always X-outer.
In what follows ν will denote the degree function associated to a fixed grading on the
free algebra k〈X〉.
We start with the following property of free algebras.
Lemma 2.1. Let f ∈ k〈X〉. If for every x ∈ X there exists a homogeneous element
hx ∈ k〈X〉 of degree ν(x) such that ν(xf − fhx) ν(x) then f ∈ k.
Proof. First, we prove by induction on the degree of f that if x ∈ X and h ∈ k〈X〉 is
homogeneous of degree ν(x) satisfying xf = f h, then f ∈ k[x]. If f ∈ k, then the result
is trivially true. Suppose the assumption is true for polynomials of degree less than n,
with n > 0, and let f ∈ k〈X〉 be of degree n such that xf = f h. Decomposing f as
f = λ + f ′, with λ ∈ k and f ′ having zero independent term, we get 0 = xf − f h =
λ(x − h) + xf ′ − f ′h, which implies λ(x − h) = 0 and xf ′ = f ′h, since a monomial
occurring with nonzero coefficient in xf ′ −f ′h would have degree greater than ν(x). Now,
the relation xf ′ = f ′h and the fact that f ′ has zero independent term imply that f ′ = xf ′′,
where f ′′ ∈ k〈X〉 is of degree n − ν(x). We have xxf ′′ = xf ′ = f ′h = xf ′′h, hence
xf ′′ = f ′′h. By the induction hypothesis, we have f ′′ ∈ k[x]. Therefore, f ′ = xf ′′ ∈ k[x]
and so, f = λ+ f ′ ∈ k[x].
Now, in order to prove the lemma, let f = λ + f ′, where λ ∈ k and f ′ has zero
independent term, and suppose that for every x ∈ X there exists a homogeneous element
hx ∈ k〈X〉 of degree ν(x) such that ν(xf − fhx) ν(x). Then xf − fhx = λx − λhx +
xf ′ −f ′hx . Since each monomial occurring with nonzero coefficient in xf ′ −f ′hx would
have degree greater than ν(x), we must have xf ′ −f ′hx = 0, for every x ∈ X. By what we
have seen above, f ′ ∈⋂x∈X k[x] = k. Hence f ′ = 0, and so, f = λ ∈ k. 
Theorem 2.2. Let k be a field. Then every faithful and homogeneous action of a finite-
dimensional pointed Hopf k-algebra H on the free algebra k〈X〉 is X-outer, that is,
(k〈X〉 # H)k〈X〉 = k.
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[10, Theorem 5.4.1]), there exist subspaces Wm of H , with Hm = Hm−1 ⊕ Wm, and, for
each m ∈ N, a basis Ym of Wm such that if h ∈ Ym then
h = τh ⊗ h +w, (1)
where τh ∈ Y0 = G(H) (here G(H) stands for the set of grouplike elements of H ) and
w ∈ H ⊗Hm−1. Let ξ ∈ k〈X〉 # Hn. Then
ξ =
n∑
i=0
∑
h∈Yi
fhh, (2)
where fh ∈ k〈X〉, all but a finite number being zero. Hence, for each x ∈ X, we have
xξ − ξx =
∑
h∈Yn
(
xfh − fh(τh · x)
)
h+ y,
for some y ∈ k〈X〉#Hn−1. Therefore, the component of xξ −ξx in the subspace k〈X〉#Wn
is
∑
h∈Yn
(
xfh − fh(τh · x)
)
h. (3)
We prove first that (k〈X〉 # H)k〈X〉 ⊆ H , that is, that if ξ ∈ (k〈X〉 # H)k〈X〉 has a
decomposition as in (2) then each fh lies in k. Since xξ − ξx = 0, for each x ∈ X,
we have, in particular, that (3) is zero. Then, for each h ∈ Yn and x ∈ X, we must
have xfh − fh(τh · x) = 0. By Lemma 2.1, fh is in k. Let 0  m < n and assume, by
induction, that, for m < i  n, we have fh ∈ k, for each h ∈ Yi . Decompose ξ = ξ ′ + ξ ′′,
where ξ ′ =∑mj=0∑h∈Yj fhh and ξ ′′ =∑ni=m+1∑h∈Yi fhh. By our induction hypothesis,
ξ ′′ ∈ k # H = H . Since the action of H on k〈X〉 is homogeneous, for each x ∈ X,
xξ ′′ − ξ ′′x belongs to Vx # H , where Vx denotes the subspace of k〈X〉 generated by
all elements of degree ν(x). Then, 0 = xξ − ξx = xξ ′ + xξ ′′ − ξ ′x − ξ ′′x , that is,
xξ ′ − ξ ′x = ξ ′′x − xξ ′′ lies in the subspace Vx # H . Since ξ ′ ∈ k〈X〉 # Hm, we can
exhibit the component of xξ ′ − ξ ′x in the subspace k〈X〉 # Wm, as it was done in (3),
obtaining
∑
h∈Ym(xfh−fh(τh ·x))h, and this component must belong to Vx #H . Therefore
xfh − fh(τh · x) has degree less than or equal to ν(x), for each x ∈ X and each h ∈ Ym. By
Lemma 2.1, fh ∈ k, for each h ∈ Ym. By induction, we conclude that (k〈X〉 #H)k〈X〉 ⊆ H .
Now, let h ∈ (k〈X〉 # H)k〈X〉. Then, for each f ∈ k〈X〉,
f h = hf =
∑
(h)
(h(1) · f )h(2). (4)
Since H is finite-dimensional, there exists a nonzero left integral t in H , that is, a nonzero
element t ∈ H is such that ht = ε(h)t , for all h ∈ H . Multiplication of (4) by t on the right
412 V.O. Ferreira et al. / Journal of Algebra 276 (2004) 407–416yields f ht =∑(h)(h(1) · f )h(2)t , that is, ε(h)f t = (h · f )t . Therefore, ε(h)f = h · f .
Since the action of H on k〈X〉 is faithful, it follows that h = ε(h)1 ∈ k. 
3. Invariants of homogeneous actions
In this section we show that the subalgebra of invariants of a free algebra acted
homogeneously upon by a Hopf algebra is free. In fact, we show that this can be proved
for a slightly larger class of algebras.
Let k be a field and let R be a k-algebra with a filtration ν, that is, a map ν :R → N−∞,
where N−∞ = N ∪ {−∞}, such that ν(0) = −∞, ν(1) = 0 and ν(a)  0 if a = 0,
ν(a − b)max{ν(a), ν(b)}, and ν(ab) ν(a) + ν(b), for all a, b ∈ R. Let H be a Hopf
algebra which acts on R. The action of H on R is said to be compatible with the filtration
ν if
(i) ν(h · a) ν(a), for all h ∈ H , a ∈ R, and
(ii) every a ∈ R has a decomposition
a = a+ + a−,
with ν(a+) = ν(a) and ν(a−) < ν(a), such that, for all h ∈ H , ν(ε(h)a+ − h · a+) =
ν(a+), if h · a+ = ε(h)a+.
Such a decomposition of an element a ∈ R is called a ν-homogeneous decomposition of a.
While condition (i) above looks natural, the rather technical condition (ii) is in fact very
frequent. For instance, let R be a graded algebra, say R =⊕n∈N Rn, and let H be a Hopf
algebra acting homogeneously on R. Let ν be the filtration on R induced by the grading,
that is, given a ∈ R, a = 0, if a =∑n∈N an, with an ∈ Rn, let ν(a)= max{n: an = 0}. Then
condition (i) holds trivially. Now given a ∈ R, a = 0, with homogeneous decomposition
a = a0 + · · · + ad , where d = ν(a), letting a+ = ad and a− = a0 + · · · + ad−1, yields a
ν-homogeneous decomposition of a.
We are ready to present a proof of our main result in this section, which is just an
adaptation of the proofs of [5, Proposition 1] and [6, Proposition 4]. In the proof we shall
make use of Cohn’s weak algorithm (see [2, Chapter 2]).
Theorem 3.1. Let k be a field and let R be a k-algebra with a filtration ν such that ν(α) = 0
for all α ∈ k. Let H be a Hopf algebra over k which acts on R. Suppose that the action
of H on R is compatible with ν. Let Λ be a right coideal of H . Then the subalgebra of
invariants RΛ of R under Λ satisfies the weak algorithm with respect to ν if R satisfies the
weak algorithm with respect to ν.
Proof. Let A = {a1, . . . , am} be a right ν-dependent subset of RΛ with ν(a1)  · · · 
ν(am). So A is a right ν-dependent subset of R. Choose the smallest n such that
{a1, . . . , an} is right ν-dependent in R. Since R satisfies the weak algorithm with respect
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such that
ν
(
ai −
∑
j<i
ajbj
)
< ν(ai)
and maxj<i{ν(aj )+ ν(bj )} ν(ai).
Let J = {j : ν(aj ) + ν(bj ) < ν(ai)} and define the subset {cj : j = 1, . . . , i − 1} of R
by
cj =
{
0 if j ∈ J,
bj if j ∈ {1, . . . , i − 1} \ J.
Then
ν
(
ai −
∑
j<i
aj cj
)
= ν
(
ai −
∑
j<i
ajbj +
∑
j∈J
ajbj
)
max
{
ν
(
ai −
∑
j<i
ajbj
)
, ν
(∑
j∈J
ajbj
)}
max
{
ν
(
ai −
∑
j<i
ajbj
)
,max
j∈J
{
ν(ajbj )
}}
max
{
ν
(
ai −
∑
j<i
ajbj
)
,max
j∈J
{
ν(aj )+ ν(bj )
}}
< ν(ai).
And maxj<i{ν(aj ) + ν(cj )} = maxj<i{ν(aj ) + ν(bj )}  ν(ai). In fact, by the definition
of J , we have maxj<i{ν(aj )+ ν(cj )} = ν(ai).
A further reduction is possible. For each j , let cj = c+j + c−j be a ν-homogeneous
decomposition of cj . Then, we have
ν
(
ai −
∑
j<i
aj c
+
j
)
= ν
(
ai −
∑
j<i
aj cj +
∑
j<i
aj c
−
j
)
max
{
ν
(
ai −
∑
j<i
ajcj
)
, ν
(∑
j<i
aj c
−
j
)}
max
{
ν
(
ai −
∑
j<i
ajcj
)
,max
j<i
{
ν(aj )+ ν
(
c−j
)}}
< ν(ai),
while maxj<i{ν(aj )+ ν(c+)} ν(ai).j
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h ·
(
ai −
∑
j
aj c
+
j
)
= h · ai −
∑
j
h · (aj c+j )
= h · ai −
∑
j
∑
(h)
(h(1) · aj )
(
h(2) · c+j
)
= ε(h)ai −
∑
j
∑
(h)
ε(h(1))aj
(
h(2) · c+j
)
= ε(h)ai −
∑
j
aj
((∑
(h)
ε(h(1))h(2)
)
· c+j
)
= ε(h)ai −
∑
j
aj
(
h · c+j
)
.
So, we have
ν
(∑
j
aj
(
ε(h)c+j − h · c+j
))
= ν
((
ε(h)ai −
∑
j
aj
(
h · c+j
))− ε(h)
(
ai −
∑
j
aj c
+
j
))
max
{
ν
(
h ·
(
ai −
∑
j
ajc
+
j
))
, ν
(
ε(h)
(
a −
∑
j
aj c
+
j
))}
< ν(a)= max
j<i
{
ν(aj )+ ν
(
c+j
)}
.
If there exist j and h ∈ Λ such that ε(h)c+j − h · c+j = 0, then ν(ε(h)c+j − h · c+j ) =
ν(c+j ), because the action of H on R is compatible with ν. And, so, we would be able to
write
ν
(∑
j
aj
(
ε(h)c+j − h · c+j
))
< max
j<i
{
ν(aj )+ ν
(
ε(h)c+j − h · c+j
)}
.
Now, the above would be a right ν-dependence relation on {a1, . . . , ai−1}, but this
contradicts the choice of n. So, for all j and h ∈ Λ, h · c+j = ε(h)c+j . It follows that
{c+j : j = 1, . . . , i − 1} ⊆ RΛ. And we have shown that RΛ satisfies the weak algorithm
with respect to ν. 
By [2, Proposition 2.4.2], a free algebra k〈X〉 with any given grading satisfies the weak
algorithm with respect to the filtration induced by that grading. Moreover, any subalgebra
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theorem specializes to free algebras in the following way.
Corollary 3.2. Let R be a free associative algebra and let H be a Hopf algebra acting
homogeneously on R. Let Λ be a right coideal of H . Then RΛ is a free subalgebra.3
We are now able to rescue the following results.
Corollary 3.3 [3,5]. The subalgebra of invariants of a group of homogeneous automor-
phisms of a free associative algebra is free.
Corollary 3.4 [4,6]. The subalgebra of constants of a Lie algebra of homogeneous
derivations of a free associative algebra is free.
Finite group gradings can also be realized as actions of Hopf algebras. Thus
Corollary 3.2 has also the following consequence.
Corollary 3.5. Let R = k〈X〉 be a free associative algebra and suppose that R is graded
by a finite group G such that, for all x ∈ X and g ∈ G, the g-homogeneous component of
x is a k-linear combination of elements of X. If e denotes the identity of G, then Re is a
free subalgebra.
Finally, Kharchenko asks in [5,6] whether the homogeneous hypothesis in Corollar-
ies 3.3 and 3.4 can be removed. We could reformulate this question in the Hopf algebra
context in the following way.
Is the subalgebra of invariants of a free associative algebra under the action of a finite-
dimensional Hopf algebra free?
The finite-dimensional hypothesis is necessary in order to exclude Bergman’s counter-
example [1] (see also [7, 6.1.12]).
4. Proof of Theorem 1.2
We are ready to prove Theorem 1.2.
Let R = k〈X〉 be a free associative algebra on a set X over a field k and let H be a
finite-dimensional pointed Hopf algebra which acts homogeneously and faithfully on R.
By Theorem 2.2, the action of H on R is X-outer. Applying Theorem 1.1 to R, we obtain
a bijection between the set S of all right coideal subalgebras of H and the set F of all
rationally complete subalgebras of R containing RH given by the functions Φ and Ψ . Let
F ′ denote the set of all free subalgebras of R containing RH . We shall prove that F =F ′,
that is, that a subalgebra of R containing RH is free if and only if it is rationally complete.
3 This has been announced for Λ = H by Kharchenko in Transactions of the XX All-Union Algebraic
Conference, Krasnoyarsk, 1993, p. 350, but a written proof has not been published. The authors thank I. Shestakov
for having provided this information.
416 V.O. Ferreira et al. / Journal of Algebra 276 (2004) 407–416That F ′ is contained in F follows from [5, Lemma] and the remark on [12, p. 313]. On the
other hand, it follows from Theorem 2.2 that F = Ψ (S); by Corollary 3.2, this last set is
contained in F ′. This proofs Theorem 1.2.
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